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Lattice dynamics of solid N2 with an ab initio 
intermolecular potential3*
9
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We have performed harmonic and self-consistent phonon lattice dynamics calculations for a  and y  N2 
crystals using an intermolecular potential from ab initio calculations. This potential contains electrostatic 
(multipole) interactions, up to all R ~9 terms inclusive, anisotropic dispersion interactions up to all R “ 10 
terms inclusive, and anisotropic overlap interactions caused by charge penetration and exchange between 
the molecules. The lattice constants, cohesion energy, the frequencies of the translational phonon modes 
and the Griineisen parameters for the librational modes are in good agreement with experimental values, 
confirming the quality of the potential. The frequencies of the librational modes and those of the mixed 
modes are less well reproduced, especially at temperatures near the a - f i  phase transition. Probably, the 
self-consistent phonon method used does not fully account for the anharmonicity in the librations.
I. INTRODUCTION
During the past several years, a considerable number 
of experimental and theoretical investigations (see Ref.
1 and references therein) have been made of the molec­
ular motions and intermolecular potentials in solid 
nitrogen as one of the simplest molecular crystals. 
Lattice dynamics studies have been performed, mostly 
because they are considered to be very critical tests of 
model potentials, since the phonon excitations in solids 
are much more sensitive for the details of the inter­
molecular potential than gas phase properties. All the 
potentials have been semiempirical, i . e . ,  they have 
been based on simplified models, especially for the 
short range forces but also for the anisotropic long range 
interactions, and the parameters have been fitted to the 
experimental data. Here, we present, for the first 
time, lattice dynamics calculations for the ordered low 
temperature a and y  phases of solid N2, starting from 
an anisotropic intermolecular potential from' ab initio 
calculations.2,3
One has to remember that the accuracy by which the 
experimental lattice mode frequencies can be repro­
duced depends not only on the quality of the potential 
used, but also (sometimes critically) on the method 
(approximations) employed to solve the dynamics of the 
crystal. Therefore, we have applied the harmonic 
model,4 as well as the self-consistent phonon procedure5 
which corrects for the effects of anharmonicity in the 
potential. So this work can be regarded both as a check 
on the calculated N2-N 2 potential and as a test of the 
approximations commonly used in lattice dynamics 
studies of molecular crystals.
II. METHODS AND POTENTIAL
The harmonic4 and self-consistent phonon5 treatments 
of the lattice vibrations in molecular crystals have been
a v
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described in detail elsewhere. Before solving the har­
monic dynamical equations, we have minimized the 
lattice energy for the given potential as a function of 
the lattice constants, as required theoretically.4 The 
self-consistent phonon (SCP) method is one way to cor­
rect for the effects of the anharmonicity in the potential. 
This method uses a harmonic model with effective force 
constants that are derived by minimizing the first order 
expression of the free energy for the actual potential 
employed. These force constants are calculated as the 
second derivatives of the potential averaged over the 
molecular displacements; the latter are described by 
the displacement-displacement correlation function.
Since this function depends on the lattice mode frequen­
cies and eigenvectors, which are related to the force 
constants via the dynamical equations, the calculations 
have to be carried out self-consistently. The free en­
ergy is minimized also with respect to the lattice con­
stants (and the molecular orientations in the unit cell 
if these are not fixed by symmetry, as in nitrogen).
The SCP method has been applied earlier to a -N 2 
with a Lennard-Jones 12-6 atom-atom potential.6 Since 
this method has been formulated for (rare gas) atomic 
crystals, 5 which have no librational degrees of freedom, 
the authors6 have actually solved the dynamical equa­
tions for the individual N atoms after introducing an in­
tramolecular N -N  force constant. They found some 
deviations of the librational frequencies from experi­
ment, however, which they ascribed to deficiencies in 
the intermolecular potential (in particular, the lack of 
quadrupole-quadrupole interactions). The SCP method 
which we have applied is a generalization7 of the origi­
nal formalism, 5 which does explicitly include the libra­
tional motions of the molecules, but assumes (in the 
kinetic energy expression and in the displacement-dis­
placement correlation function) that the amplitudes of 
the librations are relatively small.
The angle dependent N2-N 2 potential on which our 
lattice dynamics calculations are based has been ob­
tained from ab initio calculations.2,3 It includes the 
long range electrostatic (multipole-multipole) inter­
actions (all iT 5, R ~ \  and iT9 terms), the dispersion 
interactions (all iT 6, IT8, and R~{0 terms), and the short
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T A B L E  I. A t o m - a t o m  p o t e n t i a l  f i t t e d  to  ab initio  r e s u l t s  (Ref.  
2). F o r c e  c e n t e r s  i  h av e  p o s i t i o n s  + Z { and  — Z { on th e  N - N  
a x e s  ( d i f f e r e n t  f o r  e a c h  c o n t r i b u t i o n ,  in p r i n c i p l e ) .
Contr ibut ions P a r a m e t e r s Poten t ia l  A Potent ia l  B
E le c t ro s ta t i c  
<71 r U
C harges3 q+ = -q„  
Positions*3 Z 4, Z_ [A)
0 .373
0 .8 4 7 ,1 .0 4 4
0.373
0 .8 4 7 ,1 .0 4 4
Over lap  
A e x p ( -  B7'{j)
A ( k j /m o l )
B (A"1) 
P o s i t io n s13 Z0 (A)
770 000 
4 .037 
0.547
770 000 
4 .037 
0. 547
D ispers ion
C  v"''
C (k jA V m o l )  
P o s i t io n s15 Z D (A)
1407 
0. 547
1511
0.471
a In u n i t  c h a r g e s  e = 1. 602 1 0 19 C. 
N u c l e a r  p o s i t i o n s  a r e  Z N-±  0 . 5 4 7  A.
range (overlap) forces arising from charge penetration 
(electrostatic effects) and exchange (Pauli repulsion). 
The induction (multipole-induced multipole) interactions, 
which would lead to the largest deviations from a pair­
wise additive intermolecular potential,8“10 are negligibly 
small for N2. 2,3 The remaining three-molecule inter­
actions, in which the long range triple-dipole disper­
sion energy and the short range exchange contributions 
are the dominant terms, are estimated to be only a few 
percent of the pair energies in the range of the van der 
Waals minimum.10,11
If one expands the angular dependence of our N2-N 2 
potential in spherical harmonics describing the rota­
tions of the individual molecules (A and B), one finds 
that the anisotropic dispersion interactions are impor­
tant up to La = Lb — 2 inclusive, while the electrostatic 
and overlap contributions have to be taken up to LA = LB 
= 4 inclusive.2,3 For comparison, the most extensive 
and probably the best empirical potential1 used in N2 
crystal studies only contains isotropic (La = Lb =0) 
dispersion interactions and quadrupole-quadrupole 
(La = L b = 2) electrostatic contributions. We have not 
used the spherical expansion of the potential in the pres­
ent lattice dynamics calculations, however, but instead 
we have applied an atom-atom exp -  6 -  1 potential 
with the parameters fitted to the ab initio results. It 
has been shown2 that, in the case of N2, the atom-atom 
(or rather s ite-site) model yields a fairly good repre­
sentation of the intermolecular potential, even in de­
scribing its angular dependence. It is necessary to use 
two positive and two negative charges (symmetrically) 
placed on the N -N  axis for representing the electro­
static multipole interactions and, preferably, slightly 
shifted force centers for the dispersion interactions, 
too. The s ite -s ite  potentials with the dispersion cen­
ters on the nuclei and with shifted centers have been 
named potentials A and B, respectively; the parameters 
are listed in Table I (cf. Table III of Ref. 2).
The lattice dynamics calculations have been made for 
a-N2 assuming the space group Pa3(T6h) ,12 including 54 
neighboring molecules in the lattice sums for the (free) 
energy and the force constants. Only a single lattice
constant (a) had to be optimized for this cubic phase.
For the y phase, which is stable under pressures above 
3.5 kbar, the space group is P42/raww (D\l) 13 and we 
have taken 42 neighboring molecules into account; two 
lattice parameters (a and c) had to be optimized due to 
the tetragonal symmetry. The SCP program developed 
by Wasiutynski7 has been adapted to these a and y lat­
tice symmetries; there are four and two molecules per 
unit cell, respectively. For the calculations under pres­
sure we have used the procedure prescribed by Pawley 
et a / . 14 for the harmonic model and we have minimized 
the Gibbs free energy instead of the Helmholtz quantity 
in the SCP method.7
III. RESULTS
The results calculated for the lattice constants, the co­
hesion energy, and the frequencies of various phonon 
modes are listed in Tables II and III for the a and y 
phases, respectively, at zero pressure and 4 kbar.
They can be compared with the experimental data13'15“17 
included in these tables. Phonon frequencies have been 
measured by inelastic neutron scattering in a-N2 at 
15 K16 and by Raman spectroscopy in y-N2 at 4 .2  K;17 
The SCP calculations have been performed at the same 
temperatures. We have also included the results ob­
tained by Raich and Gillis1 with their recommended em­
pirical potential (1), but not the earlier semiempirical 
calculations as these were extensively discussed by the 
latter authors.
Our calculated lattice constants and cohesion energy 
are in good agreement with the experimental data.
Raich and Gillis1 have used these quantities, for the a 
phase, as fitting data for their potential, but the pres­
ent calculations do not contain such fitting procedures, 
since the potential is entirely determined a priori .  The 
lattice mode frequencies from the harmonic calculations 
are always higher than the experimental values, except 
for the librational B lg mode in the y  phase. Potential B , 
which has a somewhat smaller anisotropy in the disper­
sion interactions (the force centers are closer) than po­
tential A,  yields slightly higher frequencies in partic­
ular for the librational (the g  modes at the r  point in the 
Brillouin zone and the R+ modes at the R points) and 
mixed (M point) modes. This seems contradictory, but 
it must be remembered that the anisotropy in the d is­
persion interactions in fact reduces the larger anisotropy 
in the electrostatic quadrupole interactions.3
The SCP formalism, which we have only applied with 
potential A since it is very (computer) time consuming, 
consistently lowers the frequencies. This can be under­
stood, since the effective potential, averaged over the 
molecular displacements, is softer than the bare poten­
tial at the van der Waals minimum.7 This lowering 
brings the frequencies of the translational modes (u 
modes at r and R~ modes at tf) into excellent agreement 
with experiment. The librational and mixed mode fre­
quencies remain substantially too high, however, al­
though the anharmonic SCP corrections are always in 
the right direction (except for the y phase B lg frequency 
which is somewhat too low already). In principle, this 
might be due to the potential still not having the correct
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T A B L E  II. a - N 2 c r y s t a l  d a t a  a t  z e r o  p r e s s u r e  an d  T = 15 K.
S e m i e m p i r i c a l P r e s e n t  c a l c u l a t i o n s
c a l c u l a t i o n s , 1 
h a r m o n i c
H a r m o n i c S C P
E x p e r i m e n t 3 p o t e n t i a l  (1) P o t e n t i a l  A P o t e n t i a l  B P o t e n t i a l  A
L a t t i c e
c o n s t a n t 5 .6 4 4 5 . 644c 5 .6 4 4 5 .6 1 1 5 .7 9 6
a (Á)
L a t t i c e
e n e r g y b 6 . 9 2 6. 92c 6 . 0 0 6 . 4 3 6 . 0 5
( k j / m o l )
Phonon
f r e q u e n c i e s
to ( c m "1)
r  (0 , 0 , 0 )
Et 3 2 . 3 3 7 . 5 4 0 . 8 4 2 . 4 3 9 . 5
T ' 3 6 .3 4 7 . 7 5 0 .7 5 2 . 9 4 8 . 5
5 9 .7 7 5 . 2 7 4 . 3 7 7 . 7 7 0 . 3
Au 4 6 . 8 4 5 . 9 5 2 .4 5 2 . 8 4 8 . 8
Tu 4 8 . 4 4 7 . 7 5 2 .0 5 2 .6 4 8 . 4
5 4 .0 5 4 .0 5 7 .6 5 8 . 9 5 3 .5
TX U 6 9 .4 6 9 . 5 7 7 . 5 7 8 . 8 7 2 . 0
M (7r/a, ir/a, 0) •
M n 2 7 . 8 2 9 .6 3 4 . 7 3 4 . 9 3 2 . 5
M 12 37. 9 4 0 . 6 4 5 . 9 4 6 . 4 4 3 . 3
M 12 4 6 . 8 5 1 .8 5 7 .3 5 9 .1 5 4 .0
^ 1 2 5 4 . 9 5 9 .0 6 2 . 5 6 4 . 4 5 8 . 5
M 12 6 2 . 5 6 6 . 4 6 9 . 6 7 2 . 3 6 4 . 9
R {ir/a, ir/a, 7r/a)
Rl
3 3 . 9 3 4 .4 3 6 .6 3 7 . 1 3 4 . 2
R h 3 4 .7 3 5 . 7 3 8 .6 3 9 . 2 3 5 . 9
R h 6 8 . 6 6 8 . 3 7 6 . 3 7 7 . 6 7 1 . 0
*1 4 3 . 6 5 0 .7 5 5 .6 5 8 .1 5 2 .7
R n 4 7 . 2 5 7 . 8 5 8 . 3 6 1 . 0 5 5 .7
a F r o m  R ef .  16; l a t t i c e  e n e r g y  f r o m  Ref .  15.
bE x p e r i m e n t a l : h e a t  of s u b l i m a t i o n  a t  0 K . 15 C a lc u l a t e d : l a t t i c e  e n e r g y  a t  0 K in c lu d in g
z e r o - p o i n t  m o t i o n s .
cF i t t e d  to e x p e r i m e n t  in  o p t i m i z a t i o n  of  th e  p o t e n t i a l  p a r a m e t e r s •
T A B L E  IE .  y - N 2 c r y s t a l  d a t a  a t  4 k b a r  and  T  = 4 K.
S e m i e m p i r i c a l P r e s e n t  c a l c u l a t i o n s
c a l c u l a t i o n s , 1 
h a r m o n i c
H a r m o n i c S C P
E x p e r i m e n t 1 p o t e n t i a l  (1) P o t e n t i a l  A P o t e n t i a l  B P o t e n t i a l  A
L a t t i c e
c o n s t a n t s
a (A) 3 .9 5 7 3 .9 4 0 4 . 0 5 2 4 . 0 3 2 4 . 1 0 0
c (Á) 5 .1 0 3 5 .0 8 6 5 .0 2 9 5-, 000 5 .1 8 8
Phonon
f r e q u e n c i e s
co (cm “ 1)
r  (0,0,0)
Ei 5 5 . 0 5 0 . 5 5 7 . 9 6 0 . 1 5 6 . 5
B u 9 8 .1 7 4 . 8 8 6 . 5 8 9 . 2 8 5 . 2
A<¿g •  •  • 1 0 5 .1 1 0 9 .7 1 1 1 . 2 1 0 7 .1
Eu •  •  • 5 8 . 3 7 2 . 0 7 1 . 4 6 9 . 3
B \ u •  •  • 1 0 3 .1 1 1 0 . 3 1 1 3 . 8 1 0 7 .4
aL a t t i c e  c o n s t a n t s  f r o m  Ref .  13; p ho n o n  f r e q u e n c i e s  f r o m  R ef .  17.
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T A B L E  IV. G r u n e i s e n  p a r a m e t e r s  a t  8 K fo r  
the  l i b r a t i o n a l  m o d e s  in th e  a  and  y  p h a s e s  of 
s o l i d  n i t r o g e n .___________________________ _______
G r i in e i s e n  p a r a m e t e r s
S C P  c a l c u l a t i o n s ,
Mode E x p e r im e n t* p o t e n t i a l  A
1 . 9 5 2 . 0 0
a - N 2 T 1 s 1 .6 3 1 .9 0
T 1 s 1 .6 8 1 . 6 8
2 .3 2 . 2 8
y - N 2 í
B u 2 . 3 2 . 0 2
F o r  0 ' -N 2 f r o m  Ref .  18; fo r  y - N 2 f r o m  Ref .  17
anisotropy, but it has been argued before1 that, ir re ­
spective of the precise potential used, the librational 
modes require larger anharmonic corrections than the 
translational ones (this is related to their larger rela­
tive amplitudes). The SCP method, especially the ver­
sion that vve have used which assumes relatively small 
librational amplitudes (see Sec. n), might be less ef­
fective in correcting for the anharmonic effects in the 
librations.
The best potential of Raich and Gillis1 with param­
eters fitted to the experimental data for solid N2 yields 
somewhat lower frequencies already in the harmonic 
approximation and slightly better overall agreement with 
the experimental data than the harmonic model applied 
with the ab initio potential. Still, some of their libra­
tional frequencies are considerably too high also, while 
other values are lower than the experimental ones (es­
pecially the y phase B lg frequency, which we find too 
low, is even much lower in their case). It is uncertain 
whether the anharmonic corrections would systematically 
improve the quality of their results, as they do in our 
case.
The remaining discrepancy between the SCP results 
and the experimental librational frequencies is clearly 
illustrated in Fig. 1. Here, we have displayed the 
temperature dependence in the frequency of the lowest 
librational Eg mode in the a phase.18 When the a-f i  
transition temperature (35.6 K) is approached, the am­
FIG.  2. P r e s s u r e  d e p e n d e n c e  
of th e  l a t t i c e  m o d e  f r e q u e n c i e s  
in th e  a  and  y  p h a s e s ,  c a l c u ­
l a t e d  by the  S C P  m e th o d  a t  
12 K. C lo s e d  l i n e s  r e p r e s e n t  
the  l i b r a t i o n a l  m o d e s ,  and  
d a s h e d  l i n e s  th e  t r a n s l a t i o n a l  
o n e s .
0 2 I, 6 8 
p [kbars]
plitudes of libration increase and mode-mode coupling 
may occur. Apparently, the (present) SCP model cannot 
completely follow this trend.
In Fig. 2 we have shown the pressure dependence of 
the q = 0 mode frequencies (a;*) at 12 K, calculated by the 
SCP method. This dependence is related to the molar 
volume (f) dependence of these modes measured by the 
Griineisen parameters
ri = -
So the results presented in Fig. 2 can be indirectly com­
pared with experiment by looking at the Gruneisen 
parameters that have been measured for the librational 
frequencies in both the a 18 and the y 17 phase. If the 
quadrupole-quadrupole interaction would be the only 
anisotropic contribution to the potential, these param­
eters would be equal to 5/6. Table IV shows good agree 
ment between the SCP and the measured results at 8 K; 
this confirms the quality of the anisotropic ab initio po­
tential as the Gruneisen parameters are critically de­
pendent on the shape of the potential. The experiment18 
finds the parameters of the a phase to be practically 
temperature independent, however, whereas the SCP 
calculations predict a rather strong dependence (see
FIG .  1.  T e m p e r a t u r e  d e p e n ­
d e n c e  of th e  Eg l i b r a t i o n a l  f r e ­
q u e n c y  in th e  a  p h a s e .  T he  
d i f f e r e n c e  A w  i s  d e f in e d  a s  
u(T) -  w(T=  0); e x p e r i m e n t a l  
d a t a  f r o m  R e f .  18.
V¡
2.2
2.0 -
1.6 -
1.6 -
1.4 -
1.8 -
1.0
0 10 20 30
FIG .  3 .  T e m p e r a t u r e  d e p e n ­
d e n c e  of t h e  G r u n e i s e n  p a r a m ­
e t e r s  f o r  t h e  l i b r a t i o n a l  m o d e s  
in  t h e  a  p h a s e ,  c a l c u l a t e d  by 
th e  S C P  m e t h o d  a t  z e r o  p r e s ­
s u r e  ( c l o s e d  l i n e s ) .  E x p e r i ­
m e n t a l  v a l u e s  (— o — ) f r o m  
R ef .  18.
40
T [K]
SCP
calculation
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Fig. 3). This discrepancy indicates again that the (our) 
SCP method is not fully capable of reproducing the an­
harmonic effects occurring in the (a-phase) librations 
especially at higher temperatures.
IV. CONCLUSIONS
%
Our lattice structure and dynamics calculations with 
the ab initio N2-N 2 potential2 yield good agreement with 
experiment for the lattice constants and the translational 
mode frequencies of a - and y-N2 crystals. The anhar­
monic corrections by the self-consistent phonon method 
essentially improve the latter. The SCP method also 
yields good Gruneisen parameters for the librational 
modes in a -  and y nitrogen at low temperature. Further­
more, the cohesion energy of a-N2 is rather accurately 
calculated, especially with the best atom-atom repre­
sentation of the ab initio potential (potential B ). So we 
may conclude that the ab initio potential2 is quite rea lis­
tic, both in its radial and angular dependence.
In the librational frequencies some discrepancies with 
the experimental data remain even in the SCP values, 
although the anharmonic corrections generally point to 
the right direction. Apparently, the librational modes 
have relatively large amplitudes especially in the (low 
pressure) a phase near the a-/3 transition temperature, 
and the SCP method used7 cannot completely deal with 
this case. One should improve on the small amplitude 
expansion for the librational motions or, possibly, use 
a quantum mechanical libron treatment19 in terms of 
free rotor basis functions instead of the harmonic o sc il­
lator basis. In that case, the spherical expansion2 of 
the ab initio potential is very useful. Also, classical 
molecular dynamics (computer simulation) studies of the 
librational motions in solid N220 may be worth trying 
with the ab initio potential2 instead of the approximate 
Lennard-Jones 12-6 atom-atom potential.
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